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INFLECTION POINTS AND
TOPOLOGY OF SURFACES IN 4-SPACE

RONALDO ALVES GARCIA, DIRCE KIYOMI HAYASHIDA MOCHIDA,
MARIA DEL CARMEN ROMERO FUSTER, AND MARIA APARECIDA SOARES RUAS

Abstract. We consider asymptotic line fields on generic surfaces in 4-space
and show that they are globally defined on locally convex surfaces, and their
singularities are the inflection points of the surface. As a consequence of the
generalized Poincaré-Hopf formula, we obtain some relations between the num-
ber of inflection points in a generic surface and its Euler number. In particular,
it follows that any 2-sphere, generically embedded as a locally convex surface
in 4-space, has at least 4 inflection points.

1. Introduction

E.A. Feldman [8] showed that the number of umbilic points of a generic compact
surface M in R3 is always greater than or equal to 2|χ(M)|. Now, since the inverse
of the stereographic projection from R3 to S3 takes the umbilic points of M to
the inflection points (in the sense of Little [11]) of its image in S3 ⊂ R4, it follows
that the number, N , of inflection points of a generic compact orientable surface
contained in S3 satisfies the inequality

N ≥ 2|χ(M)|.
It is then natural to ask whether this result holds for any generic convex com-

pact surface of R4, in the sense that it is contained in the boundary of its convex
hull. We show that this is true for the more general class of generic locally convex
compact surfaces in R4. This is done by using geometrical information on the sur-
face provided by the study of the generic singularities of the height functions on M
made in [17], together with the analysis of the asymptotic direction fields, whose
singularities are, precisely, the inflection points of M . An immediate consequence
of this is that any 2-sphere generically embedded as a locally convex surface of R4

has at least 4 inflection points.
For the more general case, including the nonlocally convex compact surfaces,

we must take into account certain generically isolated points that we call parabolic
cusps of M . They are characterized by the fact that M has a unique asymptotic
direction at them (so, they are parabolic) and it is tangent to the curve of parabolic
points. We prove that if N represents the sum of the numbers of (imaginary type)
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inflection points and of parabolic cusps of a surface M with no inflection points of
real type, then

N ≥ 2|χ(Mh)|,
where Mh is the hyperbolic part of M . As a consequence we analyze the topological
structure of the singular set of the generalized Gauss map of a generic surface
without inflection points and parabolic cusps.

Examples illustrating the results are discussed in the last section.

2. Previous results

Let f be a smooth embedding of a compact surface M into R4. Given a point
m ∈ M , consider the unit circle in Tf(m)f(M) parametrized by the angle θ ∈
[0, 2π]. Denote by γθ the curve obtained by intersecting f(M) with the hyperplane
at f(m) composed of the direct sum of the normal plane Nf(m)f(M) and the
straight line in the tangent direction represented by θ. Such a curve is called normal
section of f(M) in the direction θ. The curvature vector η(θ) of γθ in f(m) lies in
Nf(m)f(M). Varying θ from 0 to 2π, this vector describes an ellipse in Nf(m)f(M),
called the curvature ellipse of f(M) at f(m). This ellipse may degenerate onto a
radial segment of a straight line, in which case f(m) is known as an inflection
point of the surface. This inflection point is of real type when f(m) belongs to the
curvature ellipse, and of imaginary type when it doesn’t. An inflection point is flat
when f(m) is an end point of the curvature ellipse. The torsion τθ of γθ at f(m)
is called the normal torsion of f(M) in the direction θ at f(m). A direction θ in
Tf(m)f(M) for which ∂η

∂θ and η(θ) are parallel is an asymptotic direction.
The 2nd fundamental form of f(M) is characterized by two quadratic forms.

Their functional coefficients will be denoted by (a, b, c) and (e, f, g) respectively.
We then have the following functions associated to them:

∆(m) =
1
4
det


a 2b c o
e 2f g o
o a 2b c
o e 2f g

 (m),

k(m) = (ac− b2 + eg − f2)(m) (Gaussian curvature of M)

and the matrix

α(m) =
(
a b c
e f g

)
(m).

By identifying f(m) with the origin of Nf(m)f(M) it can be shown that (see
[11]):

(a) ∆(m) < 0 ⇒ f(m) lies outside the curvature ellipse (such a point is said to
be a hyperbolic point of M).

(b) ∆(m) > 0⇒ f(m) lies inside the curvature ellipse (elliptic point).
(c) ∆(m) = 0⇒ f(m) lies on the curvature ellipse (parabolic point).
A more detailed study of case (c) allows us to distinguish among the following

possibilities:
(c1) k(m) > 0⇒ f(m) is an inflection point of imaginary type.

(c2) k(m) < 0 and
{

rank α(m) = 2⇒ ellipse is nondegenerate,
rank α(m) = 1⇒ f(m) is an inflection point of real type.
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(c3) k(m) = 0⇒ f(m) is an inflection point of flat type.

It can be shown that for an open and dense set of embeddings of M in R4,∆−1(0)
∩k−1(0) = φ. It was proven in [14] that there are exactly two asymptotic directions
at a hyperbolic point and just one asymptotic direction at a parabolic point, unless
it is an inflection point, in which case all the directions are asymptotic.

In a previous paper [13] we characterized the different points of these surfaces
by means of the singularities of the family of height functions on them as follows:

a) An elliptic point f(m) (∆(m) > 0) is a nondegenerate critical point for any
of the height functions associated to normal directions to f(M) at f(m).

b) If m is a hyperbolic point (∆(m) < 0), there are exactly 2 normal vectors
b1, b2 at f(m) such that m is a degenerate critical point of their corresponding
height functions.

c) At a parabolic point (∆(m) = 0) there is a unique normal vector b such that
fb is degenerate at m.

d) A parabolic point m is an umbilic point for fb ⇔ m is an inflection point of
M .

In the cases b), c) and d) above, the normal directions b for which fb has a
degenerate singularity were called binormals of M . We also saw in [13] that given
such a binormal at a point f(m), the point f(m) + εb on the canal hypersurface
CM of f(M) is parabolic and the projection of the principal direction of vanishing
curvature at this point, under the differential of the natural projection map ξ :
CM →M , is precisely the asymptotic direction of f(M) associated to the binormal
direction b at f(m). Now, if in the case b) we denote by γ the normal section of
M tangent to the asymptotic direction θ at f(m) associated to one of the binormal
vectors bi. Then m is a fold singularity of fbi if and only if γ has nonvanishing
normal torsion at m. A parabolic point, which is not an inflection point of M , is
either a fold or a cusp singularity of fv and

i) m is a fold singularity of fv ⇔ θ is transversal to the curve ∆−1(0) of parabolic
points of f(M).

ii) m is a cusp singularity of fv ⇔ θ is tangent to ∆−1(0). (These points will be
called parabolic cusps of M).

When m is an inflection point,

i) m is a normal crossing point of ∆−1(0) ⇔ m is an inflection point of real
type;

ii) m is an isolated point of ∆−1(0)⇔ m is an inflection point of imaginary type.

As a consequence of this local analysis we obtained the following global results for
generic surfaces in 4-space:

1) The set of hyperbolic points is a nonempty open region of M .
2) If f(M) has no inflection points, then the curve ∆−1(0) is a disjoint union of

circles.
3) The inflection points and the parabolic cusps are isolated on M .
4) If f(M) is locally convex (i.e., has a locally supported hyperplane at each

point), then M has no elliptic points (i.e., ∆ ≤ 0) and ∆−1(0) consist only
of isolated points of M (i.e., M can only have inflection points of imaginary
type).

5) Any locally convex embedded 2-sphere has inflection points.
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In the next sections we analyze the behaviour of the fields of asymptotic direc-
tions in order to obtain some relations between the number of inflection points of
the surface and its topology.

3. Asymptotic lines on surfaces in R4

From the results described in the previous section, we can conclude that a generi-
cally embedded surface f(M) always has an open region, made of hyperbolic points,
at which there are defined two line fields, V1 and V2, of asymptotic directions. These
two fields “collapse” onto a unique one over the curve ∆−1(0).

Their integral lines are called asymptotic lines and their singular points coincide
with the inflection points of M .

Lemma 3.1. Let f : R2, 0→ R4, 0 be the local parametrization of M given by
(x, y, f1(x, y), f2(x, y)). Then the differential equation of the asymptotic lines of M
has the form

A(x, y)(ẋ)2 +B(x, y)(ẋ)(ẏ) + C(x, y)(ẏ)2 = 0,(3.1)

where
A(x, y) = f1xyf2xx − f1xxf2xy ,
B(x, y) = f1yyf2xx − f1xxf2yy , and
C(x, y) = f1yyf2xy − f1xyf2yy .

Proof. Let

R, 0 α→ R2, 0
s 7→ (x(s), y(s))

be a local parametrization by arclength of an asymptotic curve of M in a neigh-
bourhood of p. Its image in f(M) is given by

R, 0 γ=f◦α−→ R4, 0
(s) 7→ (x(s), y(s), f1(x(s), y(s)), f2(x(s), y(s))).

To obtain the parametrization of the curvature ellipse along γ(s), we choose
the orthonormal frame {e1, e2, e3, e4}, ei = gi

|gi| , where g1 = (1, 0, f1x, f2x), g2 =
(0, 1, f1y, f2y), g3 = (−f1x,−f1y, 1, 0) and g4 = (−f2x−f1y(f2xf1y−f1xf2y),−f2y−
f1x(f1xf2y − f1yf2x),−f1xf2x − f1yf2y, 1 + f1x

2 + f2x
2).

With respect to this frame we obtain

η(s, θ) = (f1xxcos
2θ + 2f1xycosθsinθ + f1yysin

2θ)e3

+ (Rcos2θ + 2Scosθsinθ + Tsin2θ)e4

where

R = f2xx(1 + f1x
2 + f1y

2)− f1xx(f1xf2x + f1yf2y),

S = f2xy(1 + f1x
2 + f1y

2)− f1xy(f1xf2x + f1yf2y),

T = f2yy(1 + f1x
2 + f1y

2)− f1yy(f1xf2x + f1yf2y).

The asymptotic direction θ = θ(s) at γ(s) is the solution of the equation

η(s, θ) = λ
∂η

∂θ
(s, θ).

The result now follows by a straightforward calculation and elimination of λ.



INFLECTION POINTS AND TOPOLOGY OF SURFACES IN 4-SPACE 3033

Figure 1. Asymptotic lines in the neighbourhood of an inflection
point of imaginary type

The binary differential equation A(x, y)(ẋ)2 + B(x, y)(ẋ)(ẏ) + C(x, y)(ẏ)2 = 0,
has been considered by many authors. The local behavior of this equation in the
case that 0 is a regular value of the discriminant B2 − 4AC, was studied by T.
Banchoff and R. Thom [1], L. Dara [5] and A. Davydov [7]. At points of Morse
type of B2−4AC, the generic behavior was obtained by V. Guiñez [9], and J. Bruce
and F. Tari [2]. The special case of the differential equation of lines of curvature
was first considered G. Darboux [6], and recently by C. Gutierrez and J. Sotomayor
[10], and J. Bruce and D. Fidal [4].

In the following lemma, we discuss the normal forms of the differential equation
of asymptotic lines in the neighbourhood of an inflection point of imaginary type.

Lemma 3.2. For a generic embedding, the differential equation of asymptotic lines
has the following normal form in the neighbourhood of an inflection point of imag-
inary type:

(bx− aP3y + ...)(ẋ)2 + [(c− aP3)x+ ...](ẋ)(ẏ)

+ [−bP3x+ cP3y + ...](ẏ)2 = 0,
(3.2)

where a = 1
2f1xx(0, 0), b = 1

2f1xy(0, 0), c = 1
2f1yy(0, 0) and P3 = 1

6f2xxx(0, 0).
The singular point (0, 0) is a Darbouxian umbilic of type D1, D2, D3, as in

Figure 1. Moreover, the index of the singular point is 1/2 in case D1 and D2, and
−1/2 in case D3.

Proof. At an inflection point of imaginary type, A(0, 0) = B(0, 0) = C(0, 0) = 0,
and we will show that the discriminant of the differential equation (3.2) has a
nondegenerate minimum. The local classification of binary equations under these
hypotheses is well known (see [2], Theorem 4.1, or [10]). The singular point (0, 0)
is a Darbouxian umbilic of type D1, D2 or D3 (Figure 1).

To prove this, we first compute the discriminant B2 − 4AC to find that

(B2 − 4AC)(x, y) = −4∆(x, y).

Now, we write f in the neighbourhood of (0, 0) as (x, y, f1, f2), where

f1(x, y) = ax2 + 2bxy + cy2 +M1x
3 + 3M2x

2y + 3M3xy
2 +M4y

3 + ε1(x, y)

and

f2(x, y) = ex2 + 2fxy + gy2 + P1x
3 + 3P2x

2y + 3P3xy
2 + P4y

3 + ε2(x, y)

with εi ∈ m4, i = 1, 2.
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Since (0, 0) is an inflection point, there exists a binormal direction b such that
the height function in this direction has a singularity of umbilic type. Choosing
b = e4 = (0, 0, 0, 1), by a convenient choice of chart, we can assume that f2(x, y) =
x3 + 3P3xy

2, with P3 6= 0.
Thus, the differential equation of asymptotic lines becomes

[bx− aP3y + ...](ẋ)2 + [(c− aP3)x + ...](ẋ)(ẏ) + [−bP3x+ cP3y + ...](ẏ)2 = 0.

The discriminant of this equation is

[(c− aP3)x+ ...]2 − 4[bx− aP3y + ...][−bP3x+ cP3y + ...]

and computing its Hessian at (0, 0) we find

16k(0, 0)(c− aP3)2P3
2.

Since the Gaussian curvature k(x, y) is positive at an umbilic point of imaginary
type, it follows that the discriminant has a nondegenerate minimum at (0, 0).

To compute the index, we use Bendixson’s formula,

I = 1 +
e− h

2
where e and h represent, respectively, the number of elliptic and hyperbolic sectors
arriving at the singular point. Now the assertion follows immediately by observing
that in cases D1 and D3 these sectors are as shown in Figure 1 and all of them are
hyperbolic; in case D2, one is hyperbolic and the other one is parabolic.

From the results described in the first section we deduce that the asymptotic
lines are transversal to the smooth part of the curve ∆−1(0) except at the parabolic
cusps of M , where they are tangent. Now, if we assume that there are no inflection
points of real type, the closure of the set Mh of hyperbolic points will be a regular
compact surface whose boundary is the embedded curve ∆−1(0) = {inflection points
of imaginary type} (unless f(M) is convex, in which case M=Mh). Thus, we can
view any of the two fields of asymptotic directions as a line field defined on a
compact manifold (with boundary or not depending on the convexity properties
of the surface). At the boundary points, these two directions coincide and the
resulting direction is transversal to the curve ∆−1(0), except possibly on a finite
number of parabolic cusp points.

4. Inflection points and Euler numbers

In this section we use a generalization of the Poincaré formula for line fields
on surfaces in order to obtain certain conclusions about the numbers of inflection
points and of parabolic cusps. In Theorem 4.1 we obtain an extension of an earlier
result of E.A. Feldman [8] on the number of umbilics on a generic compact surface
in 3-space. An interesting Feldman-type result for surfaces in R3 is obtained by B.
Smith and F. Xavier [19].

Given a smooth line field V on a surface S, assume that V has finitely many
critical points all contained in the interior of S, and finitely many inner and outer
contact points with the boundary of S (see [1] for definitions). Then the sum,
Ind(V ), of the indices at the critical points of V is given by the formula

Ind(V ) = χ(S) +
σ − ν

2
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where σ and ν are the numbers of inner and outer contact points, and χ(S) denotes
the Euler number of S (see [1], [12]). We observe that this formula is valid for both
orientable and nonorientable surfaces. Moreover, if S has no boundary, we have
σ = ν = 0 and the expression reduces to the well known Poincaré-Hopf formula.

Theorem 4.1. If f : M → R4 is a generic locally convex embedding of a (nonnec-
essarily orientable) closed surface M in R4 , then

2 | χ(M) |≤ ]{inflection points}

Proof. Let V be one of the line fields of asymptotic directions on M . Since f(M)
is locally convex, we have that V is defined on the whole of M . Moreover, the
singularities of V are the inflection points of M , which can only be isolated points,
p1, p2, ..., pn, of the set ∆−1(0) (inflections of imaginary type). Now the above
formula in the case of surfaces without boundary leads to

| χ(M) |≤
n∑
i=1

| ind V (pi) |,

but | ind V (pi) |= 1
2 , ∀i = 1, ..., n, so we get

| χ(M) |≤ ]{inflection points}
2

.

Since any generic locally convex surface in 4-space is orientable (see Remark 2.3
in [18]), our main result follows now as an immediate consequence of the above
theorem.

Corollary 4.1. Any generic embedding of a compact locally convex surface, with
Euler number χ(M) 6= 0 has at least 4 inflection points.

Remark 4.1. Notice that both Theorem 4.1 and Corollary 4.1 still hold for a generic
immersed surface f(M), with transverse self-intersections. In fact, we can pull
back the asymptotic directions of f(M) to M by the immersion f . Observe that,
generically, the self-intersections of f(M) will not coincide with the inflection points
and then we have two well defined fields of directions on M , whose singularities are
mapped bijectively by f onto the inflection points of f(M). We must point out
that, in this case, we may not have χ(M) = χ(f(M)).

When the surface f(M) is nonlocally convex, the region of elliptic points is
nonempty, and hence the line fields of asymptotic directions are not defined on the
whole M , but on the compact surface with boundary obtained by taking the closure
of the hyperbolic region of M . If there are no inflection points of real type, Mh is
a regular surface and we can apply the generalized Poincaré-Hopf formula, getting
the following:

Theorem 4.2. If f : M → R4 is a generic embedding of a (nonnecessarily ori-
entable) closed surface M in R4 with no inflection points of real type, then

2 | χ(Mh) |≤ ]{ inflection points}+ ]{parabolic cusps}.
Then we can assert:

Corollary 4.2. If χ(Mh) 6= 0, then M has either parabolic cusps or inflection
points.
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Lemma 4.1. Let nr be the number of inflection points of real type of a generic
embedding of a closed surface M in R4. Then

χ(Me) + χ(M∗h) = χ(M) + nr

where M∗h represents the union of the set Mh of hyperbolic points with the inflection
points of M of imaginary type.

Proof. The sets Me (elliptic points), M∗h , M0 (noninflection parabolic points) and
Ur (umbilic points of real type) determine a stratification of the surface M . The
connected components of the subsets Me and M∗h being the 2-dimensional strata,
those of M0, being the 1-dimensional strata and Ur the 0-dimensional ones. We
can now apply a standard formula relating the Euler numbers of the strata with
that of M [17], obtaining that

χ(Me) + χ(M∗h)− χ(M0) + χ(Ur) = χ(M).

But χ(M0) is given by the number of simply connected curves in M0. On the
other hand, there are 2 of these curves for each inflection point of real type. Hence
χ(M0) = 2nr = 2χ(Ur) from which the result follows.

The following corollary follows from this lemma and Theorem 4.2.

Corollary 4.3. If we represent by Reg(Mh) the union of connected components of
Mh whose closures are regular compact surfaces (so they do not contain inflection
points of real type of M), then

N ≥ 2 | χ(Reg(Mh)) | +χ(Me) + χ(M∗h)− χ(M),

where N denotes the sum of the numbers of inflection points of both real and imag-
inary type and parabolic cusps of M .

Let Kc : CM → R be the Gaussian curvature function on the canal 3-manifold,
CM , of M . The parabolic set, K−1

c (0), of CM is the singular set of the Gauss
map Γ : CM → S3. It can be shown [13] that for a generic embedding of a surface
M , the set K−1

c (0) is a regular surface except by a finite number of points (m, v)
which are singularities of type

∑2,0 of Γ, or equivalently, umbilic points (D±4 ) of
the height function f̃v (i.e., m is an inflection point of M).

Let ξ : CM → M be the natural projection of CM onto M , i.e., ξ(m, v) = m.
The image of the set of parabolic points K−1

c (0) by ξ is the set ∆ ≤ 0. If we denote
by ξ̄ the restriction of ξ to the surface K−1

c (0)−
∑2(Γ), and consider B = {(m, v) ∈

K−1
c (0) : m ∈Mh}, we have
(i) ξ̄|B : B →Mh is a local diffeomorphism, more precisely, it is a double covering.
(ii) ∆(m) = 0 and m is not an inflection point⇔ there is v ∈ S3 such that (m, v)

is a singular point (fold) of ξ̄.
(See [13] for a proof.)

Theorem 4.3. Suppose that f : M → R4 is a generic embedding of a closed surface
M in R4 for which N = 0, then

a) If M is orientable, the parabolic subset K−1
c (0) of the canal 3-manifold, CM ,

of M in R4 is homeomorphic to n copies of a torus. With n = 2 when M is
locally convex.

b) If M is nonorientable, K−1
c (0) is homeomorphic to:

b1) n copies of the Klein bottle (n > 0), or
b2) n copies of the Klein bottle and m copies of the torus (n > 0,m ≥ 0).
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Proof. It follows from Theorem 4.2 that χ(Mh) = 0. On the other hand, Reg(Mh)
= Mh, for there are no inflection points of real type. Hence the closure of Mh is a
compact surface with or without boundary according to whether or not M is locally
convex.

The classification theorem of compact surfaces tells us that:
a) If Mh is orientable and connected, then it must be homeomorphic to the

surface Tg,b, of genus g obtained as the connected sum of g tori (or a 2-sphere if
g = 0) minus a finite number b > 0 of open discs, with χ(Mh)= 2− 2g − b=0.

b) If Mh is connected and nonorientable, then it must be homeomorphic to the
surface Pg,b, of genus g obtained as the connected sum of g real projective planes
(g > 1) minus a finite number b > 0 of open discs, with 2− g − b = 0.

From this we get the following possibilities:
In case a): b = 0 and g = 1 and in this case M = Mh, and f is a locally convex

embedding of the torus, or b = 2 and g = 0 and Mh is a cylinder.
In case b) we could have either b = 0 and g = 2, or b = g = 1. The first case

cannot occur for we would have Mh = M and this contradicts the fact that a locally
convex surface is always orientable. In the second case, Mh is a Möbius strip.

Now, since the regular points of the projection ξ̄ : K−1
c (0)→Mh form a double

covering of Mh −M0 with the 2 sheets glued along their boundaries (when these
exist), the result follows from observing that we can apply the above argument to
each connected component of Mh, and that gluing 2 cylinders or Möbius strips in
this way gives a torus or a Klein bottle, respectively.

Remark 4.2. While it is easy to find examples of a torus embedded in 4-space with
N = 0, we have not been able to find a single example of a Klein bottle with this
property.

Remark 4.3. The singular set of the Gauss map Γ coincides with the set of degen-
erate singularities of the family of height functions on M ; the image through Γ of
this set is known as the bifurcation set of this family. Under the hypothesis of the
Theorem 4.3, we deduce that this set will be a topologically immersed collection of
tori or Klein bottles (with corners corresponding to cusps of height functions) .

Remark 4.4. If the embedding f : M → R4 is such that the most degenerate
singularities of its associated height functions are folds, we have trivially that N = 0
and thus all of the above conclusions apply. Moreover, since there are no cusps of
height functions in this case, the above mentioned tori or Klein bottles will be
immersed (without corners).

Remark 4.5. When M is locally convex, the set K−1
c (0) has exactly 2 connected

components (given by the 2 leaves of the double covering map ξ̄ : K−1
c (0) → M).

Observe that this is not a sufficient condition for local convexity.

5. Examples

We discuss below three classes of examples of orientable surfaces in 4-space:
convex surfaces, complex curves and S1-bundles.

5.1. Convex surfaces. Examples of convex surfaces in 4-space are obtained as
images of surfaces in 3-space through the inverse of stereographic projection π :
R3 → R4. In fact, the singular points (umbilics) of the principal direction fields
of any surface M in 3-space are taken by π to singular points (inflection points)
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Figure 2. Projections in 3-space of z + w3 = 0

Figure 3. Projections in 3-space of z + w3 = 0

of the asymptotic direction fields on π(M), considered as a surface in 4-space.
In particular, any ellipsoid with three distinct axes is taken by π to a convexly
embedded 2-sphere in R4 with 4 inflection points. On the other hand, the image
through π of the standard torus in R3 provides a (nongeneric !) example of a closed
convex surface with vanishing Euler characteristic and no inflection points in R4.

5.2. Complex curves. An interesting class of examples of surfaces with boundary
in 4-space is given by an algebraic regular complex curve in C2, defined as a level
set of a polynomial function f : C2 → C.

Figures 2 and 3 represent projections in 3-space of a level curve of the functions
f(z, w) = z+w3 and f(z, w) = z2 +w3, respectively. These are surfaces completely
made of elliptic points (∆ > 0).

Another kind of example is obtained by considering S1-bundles over closed curves
in 4-space, the fibres lying in the normal space of the curve at each point. These
are tori that may be convex or not, depending on the choice of the circles in the
normal bundle of the curve.

A nonconvex example is provided by the following torus:

(x, y)→ (f1(x, y), f2(x, y), f3(x, y), f4(x, y)),

where

f1(x, y) = (1− 1/10cos(y))cos(x) + 1/10sin(x)sin(y),

f2(x, y) = (1− 1/10cos(y))sin(x)− 1/10cos(x)sin(y),
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Figure 4. Parabolic curve ∆ = 0, and the zero sets of L1, L2, L3.

f3(x, y) = (1− 2/5cos(y))cos(2x) + 4/5sin(2x)sin(y),

f4(x, y) = (1− 2/5cos(y))sin(2x)− 4/5cos(2x)sin(y).

This has a parabolic set made of two nonhomotopically trivial closed curves, and
does not present any inflection points; neither are parabolic points. So, in this case,
Mh is homeomorphic to an annulus and N = 0.

Let fs be the one-parameter perturbation of f , given by

(x, y)→ (f1(x, y, s), f2(x, y), f3(x, y), f4(x, y)),

where

f1(x, y, s) = (1− 1/10cos(y))cos(x) + 1/10sin(x)sin(y) + s cos(y),

f2(x, y) = (1− 1/10cos(y))sin(x)− 1/10cos(x)sin(y),

f3(x, y) = (1− 2/5cos(y))cos(2x) + 4/5sin(2x)sin(y),

f4(x, y) = (1− 2/5cos(y))sin(2x)− 4/5cos(2x)sin(y).

The inflection points occur at points where the second fundamental form drops
rank, hence they correspond to the common solutions of the 2 × 2 minors of the
matrix

α(m) =
(
a b c
e f g

)
(m),

that is, to the solutions of
af − be = 0, ag − ce = 0, bg − cf = 0.

With the support of the softwares MAPLE and LSMP (Liverpool Surface Mod-
eling Package)[15], we present a numerical study of the singularities of the above
family for several values of the parameter s.

When 0 ≤ s ≤ 1/75, fs has no inflection points or parabolic cusps, hence N = 0
and Mh is homeomorphic to an annulus. Figure 4 shows the curves ∆ = 0, L1 =
0, L2 = 0 and L3 = 0, where Li correspond, respectively, to af − be, bg − cf and
ag − ce, for s = 0 and s = 1/100.

There exist two symmetric bifurcation points for some value of s ∈ (1/100, 1/75).
These bifurcation points are generic and correspond to the creation of two symmet-
ric isolated Morse points of the function ∆.
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Figure 5. Examples of embeddings of tori presenting 4 inflection
points P1, P2, P3, P4, of imaginary type.

Figure 6. Examples of embeddings of tori presenting 4 inflection
points P1, P2, P3, P4, of imaginary type.

When s = 1/50, fs has 4 inflection points of imaginary type, P1, P2, P3, P4, where

P1 = (2arctan(−5/3− 1/3
√

79, π/2) P2 = (2arctan(−5/3 + 1/3
√

79, π/2),

P3 = (2arctan(−5/3− 1/3
√

79, 3π/2) P4 = (2arctan(−5/3 + 1/3
√

79, 3π/2).

To compute their indices, we use Proposition 2.4 in [16], where a characterization
of the Darbouxian singularities in terms of the 1-jet of the coefficients A,B,C, of
the equation A(x, y)dx2 + 2B(x, y)dxdy+C(x, y)dy2 = 0, is given. We obtain that
index(P1)=index(P3)=−1/2, and index(P2)=index(P4)=1/2.

This stable behaviour seems to hold for all values of s, 1/75 ≤ s ≤ 1/20. Notice
that in this case Mh is still an annulus, and we can verify that the sum, Ind(V ), of
the indices at the inflection points is the Euler characteristic of Mh (Figures 5 and
6).

The next symmetric bifurcations hold for some value of s close to 1/12. These
seem to be generic bifurcations of cusp type (see [3]). For 1/9 ≤ s ≤ 1/5, the
surface has 4 inflection points P1, P2, P3, P4; P1 and P3 are inflection points of real
type, P2 and P4 are of imaginary type (Figures 7 and 8). Our results relating the
topology of the surface and the singularities of the asymptotic fields do not apply
to this case.

We also analyzed the behavior of the family for values of s, 1/5 ≤ s ≤ 1. However,
it seems that the family is not generic in this interval. Indeed, in Figure 9, we see
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Figure 7. Bifurcation of cusp type

Figure 8. Example presenting 4 inflection points P1, P3, of real
type, P2, P4, of imaginary type.

Figure 9. Creation of two degenerate inflection points

that for s = 1/3 and s = 1, the curves L1, L2 and L3, seem to intersect in two
more symmetric points. But, Figures 10a and 10b show that the curve k = 0 may
intersect them, which indicates that these new inflection points are of flat type. We
shall discuss these cases in a later paper.

The examples of nonorientable closed surfaces in 4-space that were analyzed
turned out to be nongeneric, all of them having nonisolated inflection points.
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Figure 10.

This seems to be due to the symmetry of their parametrizations. Some attempts
at perturbing their symmetry, in order to make them generic, failed because the
computations (using MAPLE software) became unmanageable.
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